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APPENDIX
A. OPTIMAL RISK STRATIFICATION RULE

To show the optimality of R°"*(z), we note that an optimal rule assigns subjects with

Z = z to the kth risk category if and only if for any [ # k,
Chk)=E{Ycr+(1=Y)eor | Z=2} S E{Ycu+1=Y)cy | Z =12} =€&,().
This implies that for any [ # k,

po(2)ewr + {1 — po(2) beow < po(2)en + {1 — po(2) Feo

and thus pio(2){(c1x — cox) — (cu — 1) } < ¢ — cok. Coupled with the fact that ¢y, — o, >
cu—c,l > kand ey, — o < oM — ¢, " < k,wehave Py < po(z) < Py, for any pair
of (I';1) such that I’ < k < [. It follows that the optimal rule would assign a subject with
Z = z to the kth category if and only if maxoq<r—1 P < po(2) < ming << 1 Pr-
If maxogicp—1 P < po(2) < mingig<r Py and maxogep—1 P < po(2) <
ming 11<<kx+1 P, then the expected costs associated with assigning subjects with
fo(2) to the kth category and to k'th category are equal. For such settings, without loss
of generality, one may assign such subjects to category min(k, k). This concludes that

R°"*(z) minimizes €, (R).

B. ASYMPTOTIC DERIVATION FOR THE ESTIMATED EXPECTED COST

We assume that the true conditional risk function po(2) is continuously differentiable

with derivative function dy(z)/dz bounded away from 0 almost everywhere. Through-



out, we also assume that the bandwidth h = O(n™") with 1/5 < v < 1/2. Let
E(m, H) = n~ 'S0, €(m, H), €(m, H) = E{C(m, H)}, where Vj(t) = I(X; <
t)0;+1(X; > t)and €;(m, H) = n{Y;,m(Z;)}V;(t)/H(t A X;). Then €(m) = €(m, G)
and €(m) = €(m, G). We first write

Y€ G) - )| <
=1

-l zn: (e, &) - e, G)}’

=1

_|_

n! Z &i(Ho, G) — €(po)| -

By a law of large numbers, n=* > " | €;(uo, G) — €(po) = 0,(1). Thus, a sufficient
condition for the consistency of €(fi) is that n ! Yo e, G) — €i(po, G)} = 0p(1).
To show that this condition holds, we note that since n{Y;, m(Z;)} is bounded by a con-
stant o, |0~ S0 (€7, G) - €7, GYH < nt S molGEA X0 - GEA X)) Y.
This and the uniform consistency of G () (Kalbfleisch and Prentice, 2002) imply that
S (€, G) — (11, G)} = 0,(1). It remains to show that n= 327 {&;(7, G) —
Ci(io, G)} = o0,(1). This convergence holds if for any given non-negative bounded

function £(-, ),
Cp=n"" Z{I(ﬁ(zi) > pr) — 1(po(Zi) > pe) Y(Xi, Di) = 0p(1), (B.1)

To show (B.1), we let A¢(u) = E[I{uo(Z;) > u}é(Xi, D;)], €, = sup, |p(z) —
po(2)], €4 = sup, [n~" D70 H{po(Z) > u}e(Xy, D) — Ae(u)
Y Kok +E = po(Zi) > pe—Eu}E( Xy, Di) < 264+ Ac(pr+E,) — Ae(pr—E,)|-

By a uniform law of large numbers (Pollard, 1990), €4 = 0,(1). On the other hand, using

, and note that [€g| <

the same arguments as given in Cai et al (2008), we have €, = op(n‘l/ 1). This, together
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with the continuity of A, (u), implies that €, = 0,(1) and hence the consistency of ¢(f).

To derive the asymptotic distribution for W = n%{aﬁ) — (o)} = n%{é(ﬁ, G) —
¢(po, G)}, we write W = W, + W, + W3, where W, = n2 {€(fi, G) — €(fi, G)}, Wy =
nz2{€(7, G) — €(po, G)}, W3 = n2{€(ug, G) — € (0, G)}. For W, we first note that

1 G(s 1
a1 s [ =

converges weakly to a zero-mean Gaussian process indexed by s (Kalbfleisch and Pren-

for s < ¢,

tice, 2002), where M;(u) = I(X; < u,d; = 0) — [;' I(X; > u)dAc(u) and Ac(-) is the
cumulative hazard function for the common censoring variable C' It follows that Wl is

asymptotically equivalent to

3
to\»—t

y {/ (u)} ; (B.3)

=1

where 7(u) = E[n{Y, po(Z2) (T = )] /pr(X > u).

For W, we write

n K-1

Wo =n"2 > > doewi{1 = p Vi) [([{(Z) > pi} — H{no(Z:) > pe}]

i=1 k=1

=

-1

- / [{1(2) > pr} — H{po(2) > pr} dnl/2ﬁk(z)

1

T

where w; = V;(t)/G(t A X;) and Hy,(z) = n! S dopwi{l —pp 'Y (Z; < 2).Bya
standard empirical process theory (Pollard, 1990) nz { H,(z) — Hy(z)} converges weakly
to a zero-mean Gaussian process, where Hj,(z) = n™! S dor{l —pitpo(Z) Y (Z: <

z). This, together with Lemma 1 of Bilias and others (1997), implies that Wg is asymp-



totically equivalent to £1 + €5, where

n K-1
E=n2 ) Y doedl = i po(Z)Y{(Z) > pro ol Zi) < pi}
=1 k=1
n K-1
_1 _ ~
—n"2 dor{1 — pi. wo(Z)YI{I(Z:) < pr, po(Zi) > pi}
i=1 k=1

It follows from &, = sup, [fi(2) — po(2)| = 0,(n~/*) that

N

<wt) Y

=1

doe{1 = pi; ' 10(Zi) } [([H{o(Z:) > pr — Eu} — I{o(Zi) > pi}].

??‘

Furthermore, the process I'(f) = n™2 S S o {1 — pi tpo(Z) I {po(Z:) >

pr—t}—I{po(Z;) > pr}] —{C(p+1t) —((p)}] is stochastic continuous at t = 0, where
Z dow{1 = py ' 1o(2) M {po(Z) > i} |, D= (-, Pk)'s

and p = (p1,--- ,px)’. Thus, & is bounded above by supy, <z, n/*{¢(p +1t) — ((p)}-
Now, since the expected cost function (p) is minimized at p = p, 9¢(p)/0p = 0 when
p = p. Therefore, 0 < & < O,(n'/?22) and thus &, = 0,(1). Similarly, &, = 0,(1). It
follows that WQ = op(l). This, combined with (B.3), implies that W ~ n-3 > W,
where Pw; = [ v(u ) + €(110, G) — €(pto, G). By a Central Limit Theorem, W

converges to a normal with mean 0 and variance 02 = E(1,).

C. ASYMPTOTIC PROPERTIES OF @(ﬂg)

In this section, we show that @(ﬁﬁ) converges to C(ug,) in probability as n — oo and

derive the asymptotic distribution for W. We assume that Z is bounded and pg(x) is con-
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tinuously differentiable with respect to both 3 and x and dug, (v)/0x is bounded away
from O almost everywhere. Furthermore, we assume that BSZ 18 a continuous random
variable with a continuously differentiable density. The consistency of @(ﬁﬁ) follows
from the same arguments as given in Appendix B provided that &,, = supy |1i3(Z) —
p1g,(Z)| = 0,(n~'/*). Thus, it remains to establish the convergence rate of &,,. To this

end, we note that

E < 5D g0 {05(2)} — 9010, (1)} + 50 00 {08, (B 2)} — 9005, (B2}

where 03(x) = g; ' {pr(Y; = 1|3"Z = x)}. From Uno et al (2007) and Cai et al (2008),

we have
nI(B—By)=n"tY Wgi+o,(1)=0,(1),  (CI)
=1
and  sup |§3(:1:) — O, ()| = O,{(nh)~7 log(n)?}, (C.2)
where Wpg = AL w; Zi{Y;—9(ByZ;)} +/ (u ],

E[Z{Y: - g(ﬁo V(T = )]

A= E{4(ByZ:)Z:Z]}, ~vp(u) = pr(X > u) ’

and g(x) = dg(x)/dx. This, together with the boundedness of dyg,(x)/0x and Z, im-
plies that

En < Op{(nh) 2 log(n)? + 072} = o,(n~"/4),

since h~* = 0,(n'/?). The consistency of @(ﬁﬁ) follows immediately.
To approximate the distribution of W = n3 {@(ﬁ@) —C(ug,)}, we write W =W, +
W, + W, where Wy = n# {C(fig, G) —~ C(7i5, @)}, Wa = n3{C(i5, @) — Clug, O)}.



Wi = n2{C(ug,, G) — Clug,)}:

G)=n"'Y>_Cilu, H), and Ci(M,H):W(tg(?f\’éé?i)}‘

Following similar arguments as given in Appendix B with the uniform consistency of

1iz(x) given in (C.2), we have

n

=ty | retwdnnw +o,00)

where vc(u) = E{Yi, pg, (Z:) }H (T > u)]/pr(X = u). Next, we express W, as

N

[ 10003} > (e B) - [ f[go{eﬁo(x)}>pk1]dﬁk(:vsﬂo))

NTT
,_.H

/ (19010320} > pii] = Tlgo{8s,(2)} > p-1]) dn He(: B)

—1—2/190{6’50 )} > pr—1)dn %{Hk(x B) — ﬁk(x;ﬂ())}

where Hy(z;8) = n~! S dogwi (1 — Yip, ) I(BZ; < ). It follows from the stan-
dard empirical process theory (Pollard, 1990) and the convergence of n2 (B — 3,) given
in (C.1) that nz { Hy(; B) — Hy(z; B,)} converges weakly to a zero mean Gaussian pro-
cess, where Hy(x; By) = n~' S0, dopw; {1 — 1g,(Z:)p;, ' Y1 (B4Z; < x). This, together

with same arguments as given in Appendix B, implies that

=

-1

[ (10018300} > i) = Tlon{83,2)) > i) it B B) = 0y(1)

i

1
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Furthermore, let H(z; 3) = E{ﬁ r(x; 3)}. It follows from the functional central limit
theorem (Pollard, 1990) that n2 { H, (z; 8) — H,(x; 3)} converges weakly to a zero mean
Gaussian process in (z,3) and thus is equicontinuous in 3. Combining this with the

expansion for B given in (C.1), we have
n2 { Hy(w; B)— Hi(w; By)} = Ax(x: By) 'n2 (B—By)+0,(1) = n 2Zw Al B)

A, (z; B) = 0H(x; B)/98. It follows that

Wy =n"3 ZWEi (Z /1[90{9%(95)} > Pkl]dAk(-fC;ﬁo)) + op(1).

Therefore, W = n=2 3.7 (i + 0,(1), where

CWiZ/ c(u)dM;(u Z/ (90108, ()} > pr—1]dAs(z; By)

+ Ci(pg,, G) — Clug,)- (C.3)

Then it follows from a central limit theorem that W converges in distribution to a normal

with variance E((Z;).
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